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We investigate the current-voltage characteristics of a field-effect tunnelling transistor comprised of both monolayer and
bilayer graphene with well-aligned crystallographic axes, separated by three layers of hexagonal boron nitride. Using a
self-consistent description of the device’s electrostatic configuration we relate the current to three distinct tunable voltages
across the system and hence produce a two-dimensional map of the I-V characteristics in the low energy regime. We show
that the use of gates either side of the heterostructure offers a fine degree of control over the device’s rich array of
characteristics, as does varying the twist between the graphene electrodes.
Recently it has been demonstrated that van der Waals
heterostructures of graphene and hexagonal boron nitride
(hBN) [1–7] can be used to create tunnelling transis-
tors [8–13]. Most notably, the highest quality graphene-
hBN vdW structures, with ballistic electron propaga-
tion at the micron length-scale, enable one to exploit the
unique crystalline structure and conductive properties of
graphene [14–16] in order to construct transistors featur-
ing highly controllable I-V characteristics [12, 17, 18].
In particular, the work of Mishchenko et. al. [12]
demonstrated the possibility of producing vertical-
tunnelling field-effect transistors featuring a pair of
graphene electrodes with well aligned crystallographic
axes (misaligned by θ ≈ 1◦). Such devices exhibit strong
resonant peaks in their current characteristics which pre-
cipitate the onset of negative differential conductance
(NDC) which has been used to generate radio frequency
oscillations when connected to an LC circuit [19].
Here, we show that the resonant tunnelling charac-
teristics of a tunnelling transistor with graphene elec-
trodes, one monolayer and another bilayer (see sketch in
Fig.1(a)), have rich I-V characteristics and display great
sensitivity to the alignment of the crystal layers. Past
works have shown that we wield an exceptional amount
of control over the precise electronic composition of bi-
layer graphene [20, 21] due to the finely adjustable band
gap within its structure.
In the device modelled, graphene/hBN/bilayer-
graphene is encapsulated on both top and bottom by
additional multi-layers of hBN, which has been shown to
increase the electronic quality of graphene layers [22] and
is placed on an oxidised silicon substrate which acts as a
back-gate. Further electrostatic control can be achieved
with the inclusion of a top-gate.
Figure 1(b) shows how the real-space in-plane twist
angle between the graphene flakes affects their first Bril-
louin zone (BZ) orientation in reciprocal space [23–28].
A momentum shift,
δ~pn,ξ ≈ θ~lz × ~Kn,ξ, (1)
where ξ = ±1 indexes two inequivalent valleys ~K+/ ~K−
with n = 0, 1, 2 indexing three equivalent K-points lying
in each, is induced between the Dirac points, altering the
FIG. 1. (a) Sketch of the tunnelling device indicating the
voltage contacts and characteristic distances d1, d2, d
′ & d3.
Here, Vg, Vb and Vt are the back gate, bias and top gate
voltage respectively. (b) Momentum space map showing the
orientation of the monolayer’s first BZ (black) and the bilayer
layer’s first BZ (red) indicating the impact of the misalign-
ment angle between them.
conditions that must be met to simultaneously conserve
both energy and momentum.
We describe this tunnelling system using the Hamilto-
nian,
Hˆ = HˆML + HˆBL + HˆT , (2a)
where HˆML describes an isolated monolayer, HˆBL de-
scribes an isolated bilayer and HˆT characterises the in-
teraction between the two. For the graphene monolayer
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2we use
HˆML =
∑
~k,ξ
(
a†~k b
†
~k
)(
0 vpˆi†
vpˆi 0
)(
a~k
b~k
)
. (2b)
Here, a~k,ξ/b~k,ξ are the annihilation operators for Bloch
wavefunctions formed from carbon pz orbitals on the
A/B sub-lattice, v = 108cms−1 is the Dirac velocity and
pˆi = ξkx+ iky, where ~k is the in-plane valley momentum.
The corresponding eigenvalues are
εML,s1 = s1v|~k|, (2c)
where s1 = ±1 indexes the conduction/valence band
states. For the bilayer we use
HˆBL =
∑
~k,ξ
(
A†~k,ξ B
†
~k,ξ
A
′†
~k,ξ
B
′†
~k,ξ
)
Hˆ4×4BL,ξ

A~k,ξ
B~k,ξ
A
′
~k,ξ
B
′
~k,ξ
 ,
(3a)
where A~k,ξ/B~k,ξ and A
′
~k,ξ
/B
′
~k,ξ
are annihilation opera-
tors for Bloch wavefunctions on the A/B carbon lattice
sites for the upper and lower layer of the bilayer. The
matrix Hˆ4×4BL,ξ is given by
Hˆ4×4BL,ξ =

∆
2 + u vpˆi
† 0 0
vpˆi ∆2 + u γ1 0
0 γ1 −∆2 + u vpˆi†
0 0 vpˆi −∆2 + u
 , (3b)
with ∆ giving the energy difference between the two lay-
ers (the band gap), u expressing the energy difference
between the monolayer Dirac point and the centre of the
bilayer band gap (the band offset) and γ1 ≈ 0.39eV being
the inter-layer coupling energy [29]. This Hamiltonian
has corresponding eigenvalues
εBL,s2,s3 = u+ s2
(
s3
√
∆2v2|pˆi|2 + γ
4
1
4
+ γ21v
2|pˆi|2
+
∆2
4
+ v2|pˆi|2 + γ
2
1
2
) 1
2
, (3c)
where s2 = ±1 indexes the conduction/valence bands
and s3 = ±1 indexes the choice of high (split at ±γ1)
and low (degenerate near neutrality point) energy bands.
Plotting the four resulting surfaces in momentum space
produces the ‘Mexican hat’ band structure [30].
To obtain the tunnelling Hamiltonian HˆT , we take the
crystallographic directions of the hBN layer to be highly
misaligned from the two graphene layers. Thus, any tun-
nelling process involving scattering by hBN reciprocal
lattice vectors is unable to scatter graphene’s electrons
between the vicinity of the BZ corners on the two layers.
This would instead result in scattering to high energy re-
gions of graphene’s BZ ( |ε|  |µML|, |µBL| ) which do
not contribute to tunnelling [27, 31]. Because of this we
replace the hBN layer with a homogeneous insulator. We
then assume that the tunnelling matrix element is con-
trolled by the overlap between the tails of the carbon pz
orbitals on the two layers. Thus,
HˆT =
∑
~k,ξ,n
{
HˆaA
′
T,ξ a
†
~k′ ,ξ
A
′
~k,ξ
+ HˆaB
′
T,ξ a
†
~k′ ,ξ
B
′
~k,ξ
+
HˆbA
′
T,ξ b
†
~k′ ,ξ
A
′
~k,ξ
+ HˆbB
′
T,ξ b
†
~k′ ,ξ
B
′
~k,ξ
}
+ h.c., (4a)
where ~k
′
= ~k + δ~pn,ξ. The matrix elements are
HˆαβT,ξ = E0 〈ΦαML,ξ(~k
′
)|ΦβBL,ξ(~k)〉
= Γe−i
2piξn
3 1ˆα,β , (4b)
where Φ
α/β
ML/BL,ξ are the Block wavefunctions on the
graphene monolayer/bilayer, E0 is the hopping integral
energy between sites, 1ˆa,A′ = 1ˆb,B′ = 0, 1ˆa,B′ = −1ˆb,A′ =
1, and we have drawn together all constant factors into Γ.
Also, note that we only include the terms which describe
interaction between the monolayer and nearest (primed)
layer in the bilayer. This is because the furthest layer
is separated from the monolayer by a greater distance
resulting in the suppression of any tunnelling into it.
After using the Fermi golden rule, we find an expres-
sion for tunnelling current density,
I = Γ2
∑
s1,s2,s3,ξ,n
∫
d~k
{(
f(µML)− f(µBL)
)
1
pi
Im
[
|GML ·GBL|2
εBL,s2,s3 − εML,s1 − iα
]}
, (5)
where GML = 1 + ξs1e
i
(
ξφ~k+δ~pn,ξ
− 2ξpin3
)
, GBL = N˜
(
∆
2
+ εBL,s2,s3 + vpˆie
−i 2ξpin3
)
.
Here, f(µML) and f(µBL) are the occupancy factors for the graphene monolayer and bilayer and we use α =
30.005eV as an energy broadening parameter within our
Lorentzian giving the energy bands a finite width (perfect
energy conservation is obtained in the limit α→ 0). The
factors GML and GBL arise from the sublattice compo-
sition of the graphene monolayer and bilayer wavefunc-
tions, with φ~k = arctan(ky/kx) and N˜ being the normal-
isation of the bilayer eigenvector (obtained from diago-
nalisation of HˆBL with the choice of vpˆi amplitude for
the B
′
component). Due to the time reversal symmetry,
in the absence of any external magnetic field, the valleys
produce identical contributions to tunnelling current.
The parameters µML, µBL, ∆ and u in our expression
for current density are calculated from a four-plate ca-
pacitor model for the two graphene layers and the gate
electrodes. Using Gauss’ law we find expressions relating
the static electric fields between subsequent layers to the
charge on each layer. Then, by considering a diagram
of our energy bands, we may equate each of the tun-
able voltages’ induced energy differences to our missing
variables. This produces the following four equations to
be solved numerically for µML, µBL, ∆ and the charge
density on the back gate, nSi.
eVb = u− µML + µBL, (6a)
eVt = −e
2d3(nSi + nML(µML) + nBL(µBL,∆))
0hBN
− µBL,
eVg = −e
2d1nSi
0SiO2
+ µML,
∆ = −e
2d3(nSi + nML(µML) +
nBL(µBL,∆)
2 )
0
,
Here, nML and nBL are the charge densities on the mono-
layer and bilayer obtained consistently with Eq. (2c) and
Eq. (3c) respectively, e is the electron charge, hBN ≈
SiO2 ≈ 4 are the dielectric constants of the hBN and
SiO2 wedges and u is obtained using
u = −e
2d2(nSi + nML(µML))
0hBN
. (6b)
Parameters d1, d2 & d3 define the distances between;
Si substrate and monolayer, monolayer and bilayer, and
bilayer and top gate, whilst d′ is the interlayer separation
within the bilayer. The formula for ∆ assumes an equal
distribution of charge between the layers of the graphene
bilayer.
Figure 2 shows the results of this model varying with
Vb. The dashed line indicates current, whilst the solid line
shows the differential of the current taken with respect to
Vb; of interest because it can be compared directly with
experimental results. The panels on the right display the
relative alignment of the monolayer and bilayer graphene
bands at bias voltages corresponding to distinctive fea-
tures in the current. Feature (a) arises due to onset of
resonant tunnelling from the high energy bilayer valence
band to monolayer valence band as the monolayer chem-
ical potential crosses their point of intersection. This can
be identified in the corresponding inset, where solid lines
denote occupied electron states and dashed lines imply
the unoccupied ones above the chemical potential of the
relevant layer. Feature (b) occurs as the bilayer chemical
potential reaches the low energy bilayer conduction band
minimum, as indicated by a solid black horizontal line
for clarity. This reduces the number of tunnelling states
available and leads to a decrease in the magnitude of the
tunnelling current, hence producing a peak in dI/dVb.
The group of positive and negative peaks around feature
(c) are generated when, first, the bilayer chemical reaches
the low energy bilayer valence band maxima resulting in a
loss of tunnelling states. The curve then exhibits a strong
negative peak near to where the monolayer Dirac point
crosses the low energy bilayer valence band, resulting in
a large range of wavevectors which can contribute to tun-
nelling due to inelastic broadening, α. Once this condi-
tion is no longer satisfied, the differential conductance ex-
periences another peak as the magnitude of the negative
tunnelling current reduces rapidly. Features (d) and (d
′
)
bound a region which exhibits zero tunnelling current.
Each peak manifests the onset of resonant tunnelling
as the monolayer chemical potential passes through the
point of intersection between the monolayer and low en-
ergy bilayer valence and conduction bands respectively.
Feature (e) is produced when the bilayer chemical poten-
tial drops below the energy value associated with the in-
tersection between the monolayer and low energy bilayer
valence bands. Finally, the peak in differential conduc-
tance marked (f) is produced as the monolayer chemical
potential rises above the intersection between the mono-
layer and high energy bilayer conduction bands. This
results in an onset of resonant tunnelling into this avail-
able energy band.
The position of each of these features varies with both
Vg and θ as is evident from Fig.3, which shows how the
characteristics of the current and its differential move as
we alter the misalignment angle between the graphene
electrodes. Studying these images, we note that vary-
ing the misalignment angle effectively acts to restrict
the number of characteristics available within our en-
ergy/voltage range. We can also see that the distinctive
negative peak corresponding to feature (c) in Fig.2 per-
sists throughout a large gate voltage range, producing a
narrow band of NDC accessible even at extremely low
bias voltages.
The central region of Fig.3(f) (and also appearing in a
smaller voltage range for the other angles) represents an
area in the I/V characteristics that exhibits zero conduc-
tance. This is bounded by four characteristic curves of
the type indicated in Fig.2(d). The lower/upper curves
satisfy the condition that the bilayer chemical poten-
tial equals the energy value of the intersection between
the monolayer and low energy conduction/valence bands,
whilst the curves to the left/right occur at the voltage
values required for the monolayer chemical potential to
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FIG. 2. Current and its differential for Vg = 40V , Vt = −4V , θ = 2.5◦, SiO2 ≈ hBN ≈ 4,d1 = 3200A˚, d2 = 13.5A˚, d3 = 150A˚
and d′ = 3.4A˚ (left) with all distinctive features in the differential conductance related to diagrams (right) indicating the
band alignment along the ky direction for each particular feature. The blue lines represent the monolayer Dirac cone, the
red and green curves represent the low- and high-energy bilayer bands respectively. Solid/dashed lines distinguish between
occupied/empty bands.
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FIG. 3. Colour maps of current density (left) and differential
conductance (right) normalised to the highest data value for
a series of misalignment angles. The dashed line identifies the
location of the cut-through illustrated in Fig.2.
reach the intersection between the monolayer and low
energy bilayer valence/conduction bands.
To conclude, we have developed a method for describ-
ing tunnelling between bilayer and monolayer graphene
electrodes separated by an insulating layer of hBN with
both bottom and top gates to achieve a finer degree of
control. Within this, we have included a self-consistent
description of the system’s electrostatics which allows
us to control the device characteristics by tuning three
independent voltages across it. We have shown that
a narrow band of negative differential conductance is
accessible at relatively low voltages, which opens pos-
sibilities to use monolayer-bilayer graphene tunnelling
devices for non-linear high-frequency generators, as in
Ref.[12, 19].
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